This paper studies the equilibrium behavior of customers and optimal pricing strategies of servers in a Geo/Geo/1 queueing system. Two common pricing mechanisms are considered. The first one is called ex-post payment (EPP) scheme where the server collects tolls proportional to queue times, and the second one is called ex-ante payment (EAP) scheme where the server charges a flat fee for the total service. The server sets the toll price to maximize its own profit. It is found that, under a customer's choice equilibrium, the two toll mechanisms are equivalent from the economic point of view. Finally, we present several numerical experiments to investigate the effects of system parameters on the equilibrium customer joining rate and servers' profits.
Introduction
Analysis of discrete-time queues has always been of interest to practitioners because of its applications in digital communication and telecommunication networks. The study of discrete-time queues was first done by Meisling [1] and its importance has been noted in later decades. Then, Hunter [2] presented the mathematical techniques and applications in discrete-time models. Bruneel and Kim [3] investigated the discrete-time models for communication systems including ATM. Takagi [4] focused on the performance evaluation in discrete-time systems. Subsequently, more discrete-time queueing system studies have been conducted such as [5] [6] [7] [8] .
In this paper, we study the discrete-time Geo/Geo/1 queue from an economic point of view. Naor [9] first studied equilibrium and socially optimal strategies in an M/M/1 queue and, later, Naor's model was further extended by several authors, for example, Stidham [10] and Mendelson and Whang [11] . Recently, Ma et al. [12] and Wang et al. [13] , respectively, analyzed the equilibrium customers' behavior in the Geo/Geo/1 queue with multiple vacations and single working vacation. However, to the best of the authors' knowledge, there are relatively few studies on pricing problems in discrete-time queues.
We analyze the equilibrium strategies under two types of pricing structures. In the first structure, the server charges a fee that is proportional to the time a customer spends in the system, called ex-post payment (EPP) scheme. For example, in net bar, customers are charged by the hour when surfing the Internet. All using time including delays caused by network congestion in visiting websites is counted to be paid. Another common example is that a joining customer may be provided some kind of entertainment such as video games while he or she is waiting. Thus, it is reasonable to calculate the toll based on his or her sojourn time in the system. In the second structure, however, the server charges a fixed fee for the service, which means the server implements an exante payment (EAP) scheme. We analyze those two common pricing mechanisms. Initially, the two common toll policies (EPP and EAP) are investigated in batch-arrival queues by Sun et al. [14] .
The paper is organized as follows. The model is formulated in Section 2. The customers' equilibrium joining and servers' profit maximization strategies under EPP and EAP schemes are given in Sections 3 and 4, respectively. In Section 5, we compare the two pricing structures numerically and examine the sensitivity of system parameters on the performance. Finally, Section 6 concludes with a brief summary.
Model Description
We consider a discrete-time Geo/Geo/1 queue in which the server sets a price to maximize his own benefit. Arriving customers do not know the real-time queue length and Assume customer arrivals occur at the end of slot = − , = 0, 1, . . .. The interarrival times are independent and identically distributed (i.i.d.) random variables following a geometric distribution with rate (0 < < 1). Note that is the potential arrival rate not the actual joining rate. We denote by the joining probability so that the actual rate of customers joining the queue is . Moreover, the service starting and service ending occur at slot division point = , = 0, 1, . . .. The service times are mutually independent and geometrically distributed with rate (0 < < 1). The interarrival times and service times are mutually independent. Thus, the expected time spent in the system by a joining customer = 1/( − ). For system stability, we assume > .
We denote by the expected utility of a joining customer. After the completion of service, each customer receives a reward . There exists a waiting cost of per time unit when the customer stays in the system. Customers are risk neutral. To make the model nontrivial, we assume the condition > .
(
This condition ensures that the reward for service exceeds the expected cost for a customer who finds the system empty.
EPP Scheme Model
First, we consider the EPP scheme model, in which the server charges a price that is proportional to the time spent in the system. Suppose is the rate charged by the server and is the expected server profit per time unit. Since the expected utility for a customer = − − and it equals zero in customers' equilibrium, we obtain = ( + )(1/( − )). Hence, the joining rate
Substituting (2) into = , we get
Since 2 / 2 = −2 /( + ) 3 < 0, which means is concave in , we can maximize with respect to and obtain
Substituting (4) into (2), we have
If ≤ 1, in (4) is the optimal price. Substituting (4) into (3), we obtain the server's maximal profit:
If > 1, the preferred joining rate cannot be reached since poses an effective limitation. In this case, the server can increase its price without affecting the joining rate of the system, up to the point where = ( + )(1/( − )). Hence, the optimal price and maximum profit for the server in this case are
Based on the above analysis, we could give the following proposition. 
EAP Scheme Model
Next, we consider the EAP scheme model, in which the server charges a flat price for service. Denote by the fixed price charged by the server and by the server expected profit per time unit.
Since the expected utility for a customer = − − and it equals zero in customers' equilibrium, we obtain = + (1/( − )). Hence, the joining rate
Substituting (9) into = , we have
Since 2 / 2 = −2 /( − ) 3 < 0, which means is concave in , we can maximize with respect to and obtain
Substituting (11) into (9), we have
If ≤ 1, in (11) is the optimal price. Substituting (11) into (10), we obtain the server's maximal profit:
Mathematical Problems in Engineering If > 1, the preferred joining rate can not be reached since poses an effective limitation. In this case, the server can increase its price without affecting the joining rate of the system, up to the point where = + (1/( − )). Hence, the optimal price and maximum profit for the server are
Based on the above analysis, we can give the following proposition. 
Analysis and Numerical Experiments Proposition 3. The two different charging mechanisms (EPP and EAP) do not affect the customer equilibrium joining rate and the server's maximum profits.
Proof. If the joining rate is not limited by , that is, ≤ 1, from (5) and (12), after some calculations, we get − = 0. In addition, from (6) and (13), we find = which means the expected profit in EPP scheme is the same as that in EAP scheme.
Furthermore, if customers' joining rate is the maximum probability , it is obvious that all customers enter the queue despite of different charging systems. From (8) and (15), we know the expected profits in EPP and EAP scheme models are the same.
Those results indicate that the customer equilibrium joining rate and the expected server profits are identical in the two different pricing schemes.
Based on the results obtained, we now present some numerical experiments. Here, we investigate the sensitivity of equilibrium joining rate ( or ) for customers and expected server profits ( or ) on system parameters.
From the subfigures (a) of Figures 1-3 , we can make the following observations. As the service rate and reward increase, the joining rate first goes up and then stays stable at the top point of 1. This means that, within a certain range, more customers enter the system with a faster service or higher reward. All customers enter the queue when or exceeds a certain value. At the same time, the profit always grows when or increases. Hence, a high service rate or service reward for customers is also preferable for servers. Regarding the sensitivity of the arrival rate, it is easy to explain the system performance pattern. The system can attend to a certain number of customers and then beyond that point more customers joining will lead to congestion. Meanwhile, the server's profit stops increasing when no new customers enter the queue.
To give another example, we consider a scenario in cloud computing designed for business, also known as software as a service (SaaS). In SaaS, cloud providers install and operate application software and cloud users access the software from cloud clients to process complex data or optimize object functions, and so forth. SaaS is sometimes referred to as "on-demand software" and is usually priced on a pay-peruse basis or time basis. Basically, there is a single server and interarrival times and service times are mutually independent and geometrically distributed.
Suppose the system parameters are given as = 0.9, = 0.6, = 20, and = 1. If a flat fee is charged, we get ≈ 1.15, which belongs to the subcase (1) in Proposition 1. Thus, customer processing requests are better to follow the unique equilibrium entering rate 0.6 and the cloud provider could set the price per time unit as = 5 to obtain the maximal profit per time unit = 10.
As to concerning it in EAP scheme model, from Propositions 2 and 3, we know the processing request's equilibrium entering rate and the cloud provider's maximal profits are the same as those in EPP model. However, there is only one difference that the cloud provider could set a fixed price for per use as = 16.67 in EPP model.
Conclusions
We have studied customer equilibrium joining behavior and server's optimal pricing strategies. A server can choose between those two common pricing policies to maximize his profit. In EPP scheme, the server collects a fee that is proportional to the duration a customer is in queue, while in EAP scheme it charges a flat fee for the service. It is found that customers' equilibrium joining rates under the two different pricing schemes are the same. Moreover, the server's maximum benefits in the two pricing schemes are also identical. These results could provide queueing managers with useful information for making the pricing decisions and instruct customers to take optimal strategies. A possible extension to this work can be to consider these pricing schemes in multiple server queueing systems.
